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Recently several authors have studied functional equations in order to 
find the general form of scientific laws which are invariant under the 
so-called “admissible transformations” of the variables (see, e.g., [2, 3, 131). 
The problem has its origin in the theory of dimensional analysis (see, e.g., 
[11, 12, 14]), but there are also close connections to economics, produc- 
tion theory, etc. (see [6]). 
The functional equations considered by the above authors-and solved 
in special cases-have the form 
#(LX) = a(L) u(x) + q?(L). (1) 
Here L ranges over the set of admissible transformations and the function 
u is to describe the form of the possible scientific laws. In [13] it has been 
proved that in ( 1 )-excluding some trivial cases-the functions a, /I must 
have a rather special form and also the function u has been given, whenever 
the admissible transformations are some types of affine transformations. 
In this note we consider (1) from the point of view of stability. Stability 
problems of functional equations have their classical roots in [lo] where 
the question of S. Ulam about te stability of the linear functional equation 
is answered. Since then stability problems concerning other classical 
functional equations have been studied (see [4, 15-171). In [17] we 
proved the stability of two functional equations which play a role in the 
applications and are special cases of (1). Here we show that the stability of 
(1) holds in general. We remark that we show the stability properties of (1) 
without using the exact solutions (which we do not know, at all), which 
underlines that stability is a property of the equation rather than of the 
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solutions. This fact may have some interest for those who use (1) in 
axiomatic treatments of applied disciplines. We remark also that (1) is very 
stable, “superstable” in the sense of [7]; that is. small perturbations of the 
equation have almost no effect on the (unbounded) solutions. While this 
phenomenon may occur somewhat unnaturally in the case of the multi- 
plicative Cauchy-equation because of its “ill-posed” character (see [7]), in 
the case of (1) it seems to be quite natural and it is a consequence of the 
algebraic structure of Eq. (1). 
In what follows K denotes either the real or the complex field, and R, 
resp. R, , stands for the reals, resp. the positive reals. We call functions 




additive, resp. multiplicative, if the above relation holds for any values of 
the variables x, y, xy belonging to the domain off: 
THEOREM 1. Let H be a K-linear space, 9 a set of linear operators on 
H, and HO an Y-invariant subspace. Let LY: 9 -+ K, p: 3 + H be functions 
and u E H is such that for aN L in 9 
Lu-a(L)u-P(L)EHO. 
If the range of b consists of Y-fixpoints, then either Lu - u E HO for all L in 
A?, or a is multiplicative and 
fi(NL) - a(L) /l(N) - j(L) E HO for aN L, N, NL in 9’. 
Proof: The statement is a consequence of the results of [16] but here 
we give a direct proof. In fact, we have by the Y-invariance of HO 
NLu - a(L) Nu - fi( L) E H,, 
by assumption 
NLu - a(iVL)u - p(NL) E HO; 
then it follows 
a(NL)u-a(L) Nu+/l(NL)-/?(L)EH,,, 
by the linearity of HO 
a(L) Nu- a(L) a(N)u - a(L) /3(N) E HO, 
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and it follows 
which gives the statement. 
EXAMPLE 1. In the case H, = (0) we have 
COROLLARY 2. Let H be a K-linear space, 9 a set of linear operators on 
H, and let a: 9 + K, cp: $P + H be functions. Let u E H be such that for all 
L in $P 
Lu=a(L)u+cp(L). 
If the range of cp consists of 9-fixpoints then either Lu = u for all L in 9, 
or a is multiplicative and 
(PWL) = a(L) v(N) + CPW) 
holds whenever L, N, NL are in Y. If cp = 0, then either u = 0 or a is multi- 
plicative. 
EXAMPLE 2. Let X be a set and 9 a set of self-mappings of X. We 
define H as the linear space of all K-valued functions on X, then any 
element of $P generates in an obvious way a linear operator on H which 
we denote by the same symbol. We have from Corollary 2, 
COROLLARY 3. Let X be a set, 9 a set of self-mappings of X, and let 
q,:X+K, a:Y+K, cp:Y-+K befunctions. Zf 
~&x) = a@,,) h(x) + v(L) (1) 
holds for all L in 9’ and x in X, then either u0 is constant, or a is multi- 
plicative and cp satisfies 
dLN) = a(L) cp(W + q(L) (2) 
whenever L, N, LN are in Y. 
EXAMPLE 3. If, in the previous example, we let H, be the subspace of 
all bounded K-valued functions on X. then we have 
COROLLARY 4. Let X be a set, Y a set of self-mappings of X, and let 
u: X -+ K, CI: 9 -+ K, fl: 9’ + K be ,functions. Zf the function 
x -+ u(Lx) - a(L) u(x) -l?(L) 
is bounded for all L in Y, then either u is bounded, or a is multiplicative. 
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We note that Corollary 4 works also if instead of ‘*bounded” we say 
“belongs to a given Y-invariant subspace of all K-valued functions, which 
contains the constants.” 
EXAMPLE 4. If in Example 2 we let A’= Y be a commutative semigroup 
with identity, then we get the well-known result (see, e.g., [ 11) 
COROLLARY 5. Let G be a commutative semigroup with identity and 
u, tl, v, : G + K functions. Then the functional equation 
U(XY) = @(Y) u(-u) + cp(Y) 
holds for all x, y in G if and on& fl one of the following possibilities holds : 
(i) u = 0, a is arbitrary, cp = 0 ; 
(ii) u = constant # 0, u is arbitrary, cp = u(l - tl); * 
(iii) u = acL + b, u # 1, multiplicative, cp = b( 1 - a); 
(iv) u=A+a, tx= 1, cp=A; 
where A : G -+ K is additive and a, b E K are constants. 
For further investigations we need the notion of an invariant mean. Let 
X be a set and Y a set of self-mappings of A’. We say that there exists an 
P-invariant mean on X, if there exists a bounded Y-invariant linear func- 
tional on the space of all bounded K-valued functions on X, which leaves 
the constants fixed. If such a mean exists in the case, when X= B is a semi- 
group (with the left regular action of 8 on X), then we say that 9 is 
amenable. For more about invariant means and amenable semigroups see 
[S, 8,9]. Here we note only that, for instance, if S! generates an amenable 
group of self-mappings of a set X, then there exists an P-invariant mean 
on X (see [S]). It is easy to see [8] that all finite and all commutative 
semigroups are amenable. 
THEOREM 6. Let X be a set, 9 a set of self-mappings of X, and suppose 
that there exists an Y-invariant mean on X. Let u: X + K, tl: 9 + K, 
a : 9’ -+ K be functions. r the function 
(L xl -+ u(Lx) - a(L) u(x) -P(L) 
is bounded on 3 x X, then either u is bounded, or CL is multiplicative and 
/I - cp is bounded with some cp : 9 --t K which satisfies (2). 
Proof By Corollary 4 we may suppose that u is not bounded and 01 is 
multiplicative. We define 
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where A! is the invariant mean provided by the assumptions. (We write Ax 
instead of A to indicate that A is applied to functions of the variable x.) 
If L, N, LN are in 2’ then we have 
(p(LN) = A’Ju(LNx) - a(LN) u(x)] = &‘Ju(LNx) - a(L) u(Nx)] 
+ a(L) JKCWX) - a(N) 4x)1 = v(L) + W) cpW). 
On the other hand 
CPW) -B(L) = &xL-4Lx) - a(L) 4x) - P(L)1 
which is bounded by the properties of A. 
Our main result follows. 
THEOREM 7. Let X be a set, 6p an amenable group of self-mappings of X, 
and let u: X -+ K, a: 3 --, K, j?: 9 -+ K be functions. If the function 
(L, x) + UWX) - a(L) 4x1 -P(L) 
is bounded on 9 x X, then either u is bounded, or 
(i) a(LN)=a(L)a(N) (L, NED’) 
(ii) b - cp is bounded, with some cp: Y -+ K, satisfying (1); 
(iii) u - u0 is bounded, with some u,,: X+ K, satisfying (2). 
Moreover, if a is unbounded, then u = u,,. 
Proof. Supposing that u is not bounded we have the statement for c(, /I 
by Theorem 6. First we suppose that tx is unbounded. We define 
F(L, x) = u(Lx) - a(L) u(x) - q(L) (LEY, XEX), 
to obtain the identity 
F(LN, x) = F(L, Nx) + a(L) F(N, x) 
which shows that F= 0, that is (iii). 
Now let a be bounded and we define 
uo(x) = AJa(L-I) u(Lx) - a(L-‘) q(L)] b E m, 
where dL is any invariant mean for the bounded functions on Y. Then we 
have 
u,(Nx) = AL(a(L-‘) u(LNx) - a(L-‘) q(L)] 
= AJa(N) a((LN)-‘) u(LNx) - a(N) a((LN)-’ (p(LN) + q(N)] 
= a(N) Mx) + cp(N) 
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by the properties of -4~‘~. On the other hand 
u(x)-z2(~(~Y)=~~~~~[u(s)-a(L ‘)u(Lx)+a(L ‘) q(L)] 
=.~~[a(L~‘)(a(L)Z((.Y)-u(L.Y)+(P(L))], 
which is bounded. Hence we have (iii) again and the theorem is proved. 
We remark that the above theorem expresses a very strong stability 
property of Eq. (2). Namely, if we exclude the trivial case (where u is 
bounded), then the function 
(L,x)+u(Lx)-a(L)u(x)-P(L) 
can be bounded only if (u, c1,p) differs from an exact solution at most by 
a triplet (b,, 0, b), where 6,, b are bounded and even bO = 0 unless tl is 
bounded. It is easy to see that this necessary condition is also sufficient for 
the boundedness of the above expression. 
As an application, we consider the special cases which have been dealt 
with in [2, 31. We consider the set 
(Using the conventions of [2, 31, addition, multiplication, and inequalities 
between vectors are defined componentwise.) We define an operation 0 on 
9 by 
(r,P)“(s,_1)=(rs,ti+P). 
It turns out that Y forms a group with respect to 0. (This operation 
corresponds to the composition of the alTine transformations of the form 
x -+ rx + p on R”.) One sees immediately that in any of the cases (1 t(6) 
and (9)-(12) of [2, 31 the set Y of admissible transformations is a special 
subgroup of 3. (In the cases (7), (8) the sets of admissible transformations 
do not form even a semigroup.) Further, the underlying set X is either R” 
or R: in each case. An application of the previous results gives 
THEOREM 8. Let X= R” or R: and let Y be any subgroup of the group 
9 defined above. Let u: X -+ K, CI : Y + K, /?: $P -+ K be functions. If the 
function 
kp. x) + u(L& +p) - a+ p) u(x) - P(L p) 
is bounded on Y x X, then either u is bounded, or 
(i) a(& rt + PI = d&p) a, _t) ((G p), (5 !) E 2) (3) 
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(ii) /? - cp is bounded for some cp : 27 + K satisfying 
drs, cl+ p) = dr, p) cp(s, _t) + cp(c p) ((5 pL (_s, 1) E 2) (4) 
(iii) u - u0 is bounded for some u0 : X -+ K satisfying 
u,(rx + p) = 45 p) &Ax) + 4ap) (.t.EX (5 P)E-v. (5) 
Proof. By Theorem 7, it is enough to show that if Y is amenable, then 
any subgroup of G is amenable too (see [S]). We show that, actually, C!S 
is solvable, hence it is amenable, (see [S]). Let 
(1. denotes the vector whose components are all equal to 1); then obviously 
JV” is a commutative subgroup of B (isomorphic to R”), On the other 
hand, it is easy to see that ,I/^  is a normal subgroup. Namely, the 
homomorphism 
has ,&‘” as its kernel; hence the factor group g/Jr/- is isomorphic to its 
range, that is, to R”,. As ,V and ‘S/J* are commutative, c?? is solvable and 
the theorem is proved. 
This theorem gives the stability of the basic functional equation describ- 
ing the “laws of science” in the cases (l)-(6), (9)-( 12), considered in [2, 33. 
We note that, in particular cases, when Y is given, the functional equations 
(3)-(5) can be solved, as in [2,3] and more generally in [ 13 J. Anyway, we 
have, that (u, M, /3) may differ from an exact solution at most by (b,, 0, b), 
where bO, b are bounded and b, = 0 unless a is bounded. 
We note finally that the above ideas can be used also in the more general 
situation considered in [ 133 ; one should suppose only that (using the 
notations of [13]) S@(P) + PG P and .% is an amenable group. The details 
are left to the reader. 
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